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ON BICOMPLEX (k,])-GADOVAN NUMBERS

MINE UYSAL', ENGIN OZKAN?

ABSTRACT. In this study, we introduce the bicomplex (k,!)—Gadovan numbers,
which can be considered refinements of the Gadovan numbers. We give the recur-
rence relation, the Binet formula, the generating functions, the exponential gener-
ating function of the bicomplex (k, ) —Gadovan numbers. Also, we derive Cassini
identity, Catalan identity, Vajda identity, Honsberger identity and d’Ocagne iden-
tity which are important identities of the bicomplex (k,!)—Gadovan numbers for
sequences of numbers.

1. INTRODUCTION

The bicomplex numbers are an extension of complex numbers and they are defined
using two imaginary units. Bicomplex numbers were first described by Corrado Segre
in 1892.The set of bicomplex numbers is defined as:

BC = {Zl + 29€9 | 21,22 € C, 622 = —1}
where 21, 2o are complex numbers. Another way to represent bicomplex numbers is:

z =21+ 2069 = x + ye1 + (t + kep)ea = x + yey + tea + kejes

where z,y,t,k € R. Here ey, e and ejep are imaginary units and satisfy ;2 = ep? =

—1, ejes = ege; the rules [17].Bicomplex numbers are actually complex numbers
with complex coefficients [10, 11].Bicomplex numbers have conjugates depending on
three imaginary units and have norms depending on these conjugates. These are
also shown in Table 1.

Conjugate Norm
r —yer + (t — key)es 2|e, = VZ X Ze,
Zey, = +ye1 — (t + kep)ea 2], = V/Z X Zey
Zeye, = T —ye1 — (t —ker)ea | 2]o,0, = V7 X Zeyes

TABLE 1. Conjugates and Norm

Zey
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Bicomplex numbers have been studied by many researchers and their applications
have been made with different number sequences [2, 8, 10, 11, 13, 17, 19].

The sequence of the Fibonacci numbers is one of the most notable and famous
number sequences in literature. It has found application not only in the field of math-
ematics but also in many other branches of science. Many researchers have studied
Fibonacci numbers and studied their different generalizations [4, 5, 7, 9, 14, 15, 18].
One of these generalizations is the Gadovan numbers. Gadovan Numbers owe their
origin to Diskaya and Menken [3]. Gadovan numbers are essentially generalizations
of the second order Padovan numbers [1].

Definition 1.1. The Gadovan numbers are defined by the the 3rd order recur-
rence relation
Gpn+3 = Gpn_H +GP,, n>0

with GPy =a, GP;=band GPy=c[3].
Later, a generalization of Gadovan numbers is defined by Ozkan et al.[16].

Definition 1.2. (k,l)—Gadovan numbers GP ;) , are given by the following
third order recurrence relation

GPupyn+s = kGP gy nt1 T IGP g s n>0
with initial conditions GP )0 = a, GPg 1 =b and GP )2 = c [16].

In this work, we define a new generalization of the bicomplex numbers by tak-
ing the real components of the (k,!)—Gadovan numbers as numbers. We give the
Binet formula, the generating functions, the exponential generating function of the
bicomplex (k,!)—Gadovan numbers. In addition, we derive Cassini identity, Catalan
identity, Vajda identity and d’Ocagne identity for these numbers.

2. BicoMPLEX (k,l)—GADOVAN NUMBERS

In this section, we define bicomplex (k,l)—Gadovan numbers. We give certain
identities regarding these numbers.

Definition 2.1. We define the bicomplex (k,l)—Gadovan numbers BG P 4 ,, by
BGP iy =GPupyn+ GPkipnrier + GP iy ni2e2 + GP gy nigeie:

where GP ), is nth (k,1)—Gadovan numbers and ej, ez and ejez are bicomplex
units.

We show some terms of the bicomplex (k,!)—Gadovan numbers in Table 2.

BGP .0 a+ bey + cea + (kb + la)eres

BGP ()1 b+ cer + (kb+ la)es + (ke + Ib)eren

BGP k). ¢+ (kb+la)er + (ke + Ib)es + (kb + kla + lc)ey e

BGP 5 | kb+la+ (ke + Ib)er 4+ (k*b+ kla + lc)es + (k*c + 2klb + [*a)eren

TABLE 2. Some terms of bicomplex (k,!)—Gadovan numbers
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Definition 2.2. The real and imaginary parts bicomplex (k,[)—Gadovan num-
bers BGP 1), respectively, as follows.

i) Re(BGP 1) n)) = GP 1) n
ii) Im(BGP 1y n)) = GPopyns1€1 + GP iy ni2e2 + GP ) nisere.

Definition 2.3. The conjugate of bicomplex (k, l)—Gadovan numbers BGP )
is defined by

i) (BGP 1) n)
ii) (BGP (1))
iii) (BGP(;CJ)W)

= GPunn = GPrpnirer + GPpyni2ea — GPyniseres,

€1

=GP+ GPrpyntrer = GPpyni2e2 — GPyniseres,

€2

=GPupyn — GPrpnrier = GPpyni2e2 + GP i niseres.

€1e2

Definition 2.4. The norm of bicomplex (k,!)—Gadovan numbers BGP 4y ,, is
defined by

i) [[(BGP(11y,n)er I> = Gp%k,l),n + Gp%k,l),n—i-l + GP%k,l),nH - Gp%k,l),n—i-?)
2(GP 4y 1GP ey s + GP ey G P (k1) nt2) €2

i) |(BGP gy m)es|l* = GP%k:,l),n - GP%k,l),n—i—l + Gp?k,l),mrz - Gp%k,l),n+3
2(GP 11y nGP oyt + GP k1) ns2GP o) 3 )€1,

iii) H(BGP(k,l),n)elezH2 = Gp%k,l),n + Gp%k,l),nJrl + GP%k,l),n+2 + Gp%k,l),nJr?)

2(GP ey nGP iy n+3 = GP)ns1GP (1,0)nt2)€162.

Definition 2.5. The matrix representation of the bicomplex (k,l)—Gadovan
numbers BGP ) , is as follows.

GPupnn —GPrnntt —GPrnnse  GPrinis
M, = |CPkoner Glnn —Glupnss Gl nea
GPunn+e —GPrin+s Pooym  —GPupns

GPinyn+s  GPriynte GP(k(, )n+1 GP.)n
Theorem 2.1. Bicomplex (k,l)—Gadovan numbers BGP ) ,, satisfy the follow-
mg equation.
BGP 41y ny3 = kBGP ) ny1 + IBGP gy

Proof. BGP (1) n+3

=GPy nt3 + GP iy mtacs + GPpynise2 + GP ) nyee1€2

= (kGP(k,l),n+1 + lGP(k’l)m) + (kGP(k’l)’n_A'_Q + lGP(k,l),n+1)61

+ (kGP(k’l)JH_g + lGP(k’l)’n_;'_Q)eQ + (kGP(k,l),n+4 + lGP(k’l)’n+3)6162

E(GPiyne1 + GPgyng2e1 + GP iy ntse2 + GP ) nyacie2)

+UGPym+GPpynt1e1 + GP gy ni2e2 + GP ) nyseie2)

= kBGP(k,l),n+1 + lBGP(kJ),n.
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Theorem 2.2. Binet Formula for bicomplex (k,l)— Gadovan numbers BGP(M),n
8
BGP ) = ATy + Baidy + Cals

where
A c— bxy — bxs + arsxs
x3 — 23wy — 233 + M1T223
B c—bry —brs —arixs
23— 2Pps — a2 ’
5 oT3 — T3T1 + 1223
C— c—bx1 —bxry —a.x.zo
- )
:U§ — :1:1:U§ — :E%:L‘Q + 17223
=~ 2 3
1 =1+ z1e1 + xiea + xje1e2,
=~ 2 3
To = 1+ zoe1 + z5e2 + xHee9,
=~ 2
z3 =14 x3e1 + z3€2 + x%eleg.
Proof. From
GPj . = Azt + By + Cay,
we have

BGPuym=GPuyn+ GPupnti1€1t, GP ) ni2e2 + GP ) nyse1e2
= Az} + Bay + Cxy + (Azt + By + Cay)ey
+ (AzY + Bzy + Czy)es + (Azt + Bah + Cay)eren
= Az (1 + z1e1 + zhey + xierer) + Baxh(1 4 zoeq + xieo + z3e1e3)
+ Czy (1 + x3e1 + CC%@Q + svgeleQ)
= Ax]Z1 + BryTy + Cays.
Thus, the desired result is achieved. O
Theorem 2.3. The generating function of BGP 1y, 1S

BGP(k7l)70 + BGP(k,l),1$ + :13‘2(BGP(;€J)72 — BGP(k,l),O)

1—ka2—12°

ZBGP(]CJ)”.’IJ’” =
n=1

Proof. Let

n=1

G ((I?) = BGP(kJ)70+BGP(k7l)71$+BGP(k7l)72$2+BGP(]€71)73(L'3+' . +BGP(k’l)7n(En+ ..
(2.1)
respectively multiplying both sides of the identity (2.1) by —k2? and —l.
—kz?G (z) = —=BGP ) 0ka® + BGP ) 1kz® — BGP ;) oka' — BGP ;) ska®

— -+ = BGP gy nka™ ™ — ...
(2.2)
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—12°G (x) = =BGP ) ola® — BGPW)JZQ:“ — BGP ;) ola® — BGP y 3la®

— s — BGP(kJ),nlCL‘nJrg — ... (2 3)

From (2.1), (2.2) and (2.3), we get
G (z) (1 — ka? —1 l’3) = BGP(k:,l),O + BGP(kJ)JJJ + BGP('ICJ)’QCBQ — BGP(;CJ)7OIC$2

G . BGP(k,l),O + BGP(k’l)’lfL' + $2(BGP(k7l)’2 — BGP(k,Z),O)
(z) = 1— ka2 — 123

g

Theorem 2.4. The exponential generating function for bicomplex (k,1)— Gadovan
numbers

= BGP(k 1) ”xn S ,TT S, T2x -~
Z T = Az1e™" + BT2e™" 4+ Cx3x37.

n=0

Proof. For the proof, we use the Binet formula of bicomplex (k,!)—Gadovan num-
bers.

io: BGP .y pa™ i (Ax}Z1 + BalhZy + CaliZg)a"

n!
n=0 n=0

—am Y S g,y 2t)
n=0 n=0 )

n! n

n!

n

o~ (232)"
+CT Y
n=0 )

n

We know that

ot n!
and
0 n
x3T)
T3 — (
; n!
So,
— BGP(k 1) ”xn ~ _T1T -~ _X2x -
Z —' = Az1e"" + BT2e™" 4+ Cx3x37.
n!
n=0
Thus, the proof is completed. ([

Theorem 2.5. For m,n € Z™, there is the following equation.

m=1

Z (Zl)k"lm_"BGP(k,lm = BGP(1,1)3m-
n=1
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Proof.
S m nym-—n _
Z( n >k‘ " BGP (o) 0 =
n=1
> < ’: ) (AZy (kx1)™ + BEo(kxe)™ + CTz(kaz)™) ™" =

m

ATy ( 7;;7! )(kxl)nlm" + BZ» Z < ZL ) (ka)nlmfn_i_
n=1

~ = m nym-—-n __
C.CL‘Q zzl < n > (kl’g) l =
Az (kzy + D)™ + Bog(kza + 1) + Cog(kxs + 1) =

A§1$13m + Bfg:bzsm + C§3x33m = BGP(k,l),ESm‘

Theorem 2.6. For m,n € Z*, there is the following equation.

Z (T)km_rlmBGP(k,l),n—r = BGP(11),nt2m-

r=1

- m m—rjm _
Z< . )k: I"BGP 1y v =

> < T >km (A7~ + Bah ™" + Cay ") 1™

= Az > (" >kmrx;”—fzm] ZFM+ Bia |y ( " >km’”x;”—fzm] ap
r=1 r=1
m=1
+C%s ( 7;’? )km—rxg”—rzm] zpm
r=1
= Az |y T )(kxl)m—w] 277 + By < T )(m)m—wl Zy
r=1 r=1
=1 m
ron 5 (7 Ywmrr]
r=1

= Az (kx1 + )27 + BTa(kve + )" ay ™™ + Cs(kas + 1)y ™™

= A§1x1"+2m + Bf2$2n+2m + C5E3x3"+2m = BGP(k,l),n+2m~

Thus, the proof is obtained. O
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Theorem 2.7. (Cassini Identity) For n > 1, we have

BGP (1) n1BGP 1) n1 — BGP ey n° =
ln_l (AB‘Tgl_ni'\l/fE\g(CL'l — 562)2 + Angl_”flfg(ml — $3)2

+BC’$11’”§;\2§3(3;2 — %3)2) .

Proof. We use the Binet formula of the bicomplex (k,!)—Gadovan numbers for the
proof.

BGP (s, 1),n-1BGP (s, 1) n1 — BGP(i 1) 1°
= (A7) + Baly '3y + Oy '3s) (A2 T2 + Baly o + Coytias)

— (A2hZ) + Baby + Cxiais)?

= ABxx5212, < +—= - 2) + AC2V 257173 < +— = 2>
T2 T T3 1
~~ (P2 23
+ BCzyxyTas < +— - 2)
3 X2

= AB(wle)"_lflfg(xl — xg)z + AC(a:lx3)"_1§:\1§53(af1 — 333)2
+ BC(z913)" ' Zo3(wy — 3)*

= ABI" a3 T8 T (21 — 0)? 4+ ACT Ly R Ty () — x3)?
+ BCI" oy BBy (1 — w3)°

=t <AB3631_”5E1552($1 — 29) + ACT "% T3 (11 — w3)?

+BC'9311_"§2§3(3:2 — 563)2) .

So, the desired is obtained. O

Theorem 2.8. (Catalan Identity) For n > t, we have

BGP (1) 0t BGP () nst — BGP oy * =
gt (AB:C3n_1(.%'1 — 372)2 + ACxQ"_l(xl — .%'3)2 + BCm'ln_l@,’Q — $3)2> .

Proof. We use the Binet formula of the bicomplex (k,{)—Gadovan numbers for the
proof.
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BGP (1, 1) ntBGP 41y it — BGP(o 1) 0
= (Axrll_tﬁf\l + B:L’g_tfg + Cmg_tfg) (AxrlH_ti’\l + Bl’g—’—tfg + C$g+tf3)
— (AzVZ) + BabTy + cnggf

xlt JI1 1:3
= ABx{x3m172 | — —|— — — 2| + ACz V237173 ;52
X2 3 X1
.rzt .rgt
+ BCxyx572%3 =2
:Ug )
= AB(I‘ll‘Q)n_tflfL‘\g (l‘tl — $152 2 + AC(.IJ1$3) $1l‘3( — 33‘3)2

+ BC(xgl'g)n_tjng?, (a;g — .%':2»)
= ABI" a3t e B () — m9)? 4+ ACT L T E T (2 — 23)°
+ BCl”_lxll_"fn\gffg(mg — {Eg)

= ln_t (ABxgt_"il@ (ﬂj‘ﬁ — 1‘5)2 + Angt_"flfg (.%tl - xg)Z
+BC$1tin§2f3 (:L’; — xé)z) .
So, the desired result is obtained ]

If we take t = 1, we get the Cassini identity.
Theorem 2.9. (d’Ocagne Identity) Let n and m be any integers. Then the fol-

lowing identity is true.

BGP (1. 1) m+1BGP .1y n — BGP 41,1y m BGP (11) nt1

= ABZ 175 (x1 — x2) (21" — 25'2) + ACZ 123 (21 — 3) («]'xy — x5'2])

+ BC%2x3 (x2 — x3) (xh'xy — x5'wy)
Proof. We use the Binet formula of the bicomplex (k,!)—Gadovan numbers for the
proof.

BGP (k1) m+1BGP (k1)yn — BGP (1)) m BGP (11) nt+1
= (A2 + Bay M3y + Calf ' 3s) (Axfa + BQ:SZEQ + Cz573)

— (AzT'Z1 + By’ + Cy'w31) (Ax"HAl + Baz 12 + Cz?“fv\g)
= AB:L'"”‘ 52129 + ACZ" mtl T32T1T3 + BAJU2 xl ToZ1

+ BC$m+1x3 ToT3 + C’A:c3 21 T371 + CBay' " xgﬁc\g@

— ABx?" xnﬂfli‘\g — ACzV l’n+1§3\1./f\3 — BAJ)E’LZL‘?+1/$\21'\1

— BCa3'ai M 2923 — CAxT 2y ' 2371 — O Baf a1 237
= ABTZox "2l (x1 — x2) + ABZT 17225 2T (0 — 11) + ACT T3 xh (x1 — x3)

+ ACT 1 Z3x'a (x5 — x1) + BCT1Z3xy ' wf (v — x3) + BCTaTsxy wy (x5 — x2)
= ABZ1Z3 (x1 — x2) (2'z5 — ay'al) + ACZ T3 (21 — 3) (2725 — x5'2T)

+ BC%273 (w2 — x3) (xh'ay — x5'wy) .
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So, the proof is complete. O

Theorem 2.10. (Honsberger Identity) Let n and m be any integers. Then the
following identity is true.

BGP (4,0);m BGP (1o,1),0 + BGP (1,0)m+1BGP (1) 1

— A2xm+n/x\1 (1 +351) +32 m+n/\2 (1+:L'2) +C2 m+n/\2 (1+$3)
+ AB(21%2) (1 + a3)l™as™ ™ + AC(Z173) (1 + o) My ™!

+ BO(2223) (1 + x1) ™2™ L

Proof. We use the Binet formula of the bicomplex (k,!)—Gadovan numbers for the
proof.

BGP (1) mBGP (k1) n + BGP (1.1 m+1BGP (1) ns1
= (Az"Z1 + Bax3'To + Ca5'Z3) (Ax]T1 + BxhZa + Cx5Ts)
(Axﬁ”“if\l + BmmHQ’EQ + meﬂif ) (Ax"“iﬁ + Ba:”“ﬁ?g + C:c"“’\ )

= A% 3E + ABa a2 + ACZ w2175 + BAzh xt + B2 73

+ BCxy'xy xgxg + CAz5' 27173 + CBxs'x57372 + C?z m+”’\§

+ A2 L ARl e By + ACZT M 2 T 235 + BAxy T 3ym,

1 B m+n+2f\%

+ BCxy M it 392 + C Az T a1 332 + CBaf M ahtayzs + O22) 7273
= A%2"ET (1 + 21) + B22)"23 (1 + 23) + C?23 "3 (1 + 23)

+ ABT1 T (22l + ah'al + gt gty "+1)

+ ACT\Z3 (22} + x5z} + 27" "+1 + 2t

+ BOZy@s (252 + 22l + 25l "H + izt
= AB71Z2(1 + z22) (x1202) " (2 —|—x’f )

+ ACZ 1Z3(1 + zy23) (z123) " (2] + 25~ ™)

+ BCToZ3(1 + zow3) (wams) ™ (2™ + 2y ™) + A% 75 (1 + 27)

+ B?2"t"z3 (1 + 23) + C?z3 25 (1 4 23)

= A%73 (14 27) + BQ$§n+nl‘2 (14 23) + C?2575 (1 + 23)

+ AB(@122) (1 4+ 23)l™x3 ™!

+ AC(7123) (1 + 22) 1Mz~ ™ 1
+ BC(@2@3) (I + x1)1™x; ™1
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Theorem 2.11. (Vajda Identity) Let n and m be any integers. Then the following
identity s true.

BGP(k,l),n—i—mBGP(k,l),n—i-r - BGP(k,l),nBGP(k,l),n+m+r
— ABRalE s (2] — o) (2 — o) + AC2l31Ts (2] — ) (2 — o)
+ BCxyxyToXs (xy — x5) (a8 — z5").

Proof. We use the Binet formula of the bicomplex (k,{)—Gadovan numbers for the
proof.

BGP 1) nsmBGP (k1) nr — BGP 11y n BGP (k1) nt-m+r
(A:L‘"+mx1 + Bw"+mx2 + C’:U"+m ) (Ax””xl + B.’,Un+rl'2 + CiL‘n+Tl‘3)

— (A21Z1 + Bab @y 4+ CxiTs) (Axy ™™V Ty + Bah T2y 4+ Caly T 23)
= ABx!TMal T Ty + ACZTT 2y T E B + BAzy Tt DTy

+ BCx”+m "'H"xgi:\g + C’Aa;"+m ”+Ta;35:\1 + C’Bx”'H" "+Tx3x2

— ABaaly T B By — ACZ Ty T T T Ty

— BAxS VT 303 — BCxYay T 37

— C Az}t 337 — O Bafaly ™™ 257
= ABayzy@173 (2] — x) (23" — 27")

+ AC2 257175 (2] — %) (z5" — 27")

+ BCxyxyTaxs (zy — x5) (x5 — 5").

So, the proof is complete. O

3. CONCLUSION

We introduced the bicomplex (k,!)—Gadovan numbers and some identities of the
bicomplex (k,l)—Gadovan numbers. We obtained relation to some numbers, Binet
formula, binomial sums, the generating functions. We obtained Cassini, Catalan,
Vajda, Honsberger and Da’ocagne identities, which are important identities related
to number sequences.
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